In this paper, a unique quantum topological state -topologically-constrained spiral (spin) order is engineered that shows the phenomenon of emergent quantum gravity. To enforce the global topological constraint, we introduce topological spin space (or topological spinor spacetime in long wave-length limit). Such a spiral state is denoted by a mapping between a topological spin space and the Cartesian space. To enforce the local topological constraint, a topological BF term on topological spinor spacetime becomes the Einstein-Hilbert action that exactly reproduces the low energy physics of the general relativity. The topological excitations for the system are fermions that are really the unit of the topological spinor spacetime and the collective excitations are spinor-waves that are really spin-2 gravitational waves. In addition, we provide several new effects from the theory of the emergent quantum gravity that could be verified in experiments in the future.
In this paper, a unique quantum topological state -topologically-constrained spiral (spin) order is engineered that shows the phenomenon of emergent quantum gravity. To enforce the global topological constraint, we introduce topological spin space (or topological spinor spacetime in long wave-length limit). Such a spiral state is denoted by a mapping between a topological spin space and the Cartesian space. To enforce the local topological constraint, a topological BF term on topological spinor spacetime becomes the Einstein-Hilbert action that exactly reproduces the low energy physics of the general relativity. The topological excitations for the system are fermions that are really the unit of the topological spinor spacetime and the collective excitations are spinor-waves that are really spin-2 gravitational waves. In addition, we provide several new effects from the theory of the emergent quantum gravity that could be verified in experiments in the future.
One hundred years ago, the establishment of general relativity by Einstein is a milestone to learn the underlying physics of gravity that provides a unified description of gravity as a geometric property of spacetime. The primary approach to quantum gravity leads to unsolvable divergences and thus deriving a theory with quantum gravity becomes a challenge for physicists. Based on different principles, there are different candidates to solve the problem of quantum gravity, including topological BF (gauge) theory for the Lorentz group [1, 2] , superstring theory [3] and quantum loop theory [4] , noncommutative geometry [5] , ... The idea of gravity as an "emergent " phenomenon has become increasingly attractive and several models in condensed matter physics are developed to try to characterize gravity as their low energy effective theories [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . Recently, the concept of "it from (qu)bit " becomes popular. More and more people believes that spacetime and gravity come from long range quantum entanglement. To derive a model with emergent gravity in a quantum many-body system is believed to be relevant to a multiqubit model in quantum information theory and quantum entanglement may play a fundamental role.
In this paper, we point out that after considering a topological constraint, a (trivial) spiral order becomes a highly nontrivial topologically ordered quantum state and an 3D topologically-constrained spiral order becomes the unique many-body state with emergent quantum gravity.
3D topologically-constrained spiral order: Firstly, we define the a 3D topologically-constrained spiral (spin) order (TCSO), of which the spin configuration for the ground state is defined by |vac =P topo |0 whereP topo is the (global) projection operator that fixes the total topological number (or the number of topological defects). |0 is the ground state for the 3D spiral order with uniform distribution of topological defects. * Corresponding author; Electronic address: spkou@bnu.edu.cn
In physics, TCSO is a symmetric giant topological object. To define the 3D TCSO |0 or |vac , we introduce the translation operation T (∆x I ) in Cartesian space where ∆x I denotes the distance on 3D space (I = x, y, z). The generalized spatial translation symmetry for |vac is defined by the following relation,
where
and σ I are Pauli matrices. Topological spin space from global topological constraint: We deal with the global topological constraint by defining the topological spin space (TSS). After considering quantum dynamics for the 3D TCSO on TSS, global topological constraint is always satisfied. Furthermore, to guarantee the local topological constraint for topological defect, we introduce topological BF term that just becomes Einstein-Hilbert term.
A 3D topological spin space (TSS) (the spin system T 3 ) is denoted by three phase angles {φ x , φ y , φ z }, φ x , φ y , φ z ∈ (0, πQ) ∈A non-compact U(1). Here, we consider the case of Q → ∞. The frame (the fundamental vectors along I-direction (I = x, y, z)) of 3D TSS is σ I , i.e., σ x = e x , σ y = e y , σ z = e z . The anti-commutation condition matrices σ I (I = x, y, z), {σ I , σ J } = 2δ IJ and σ I , σ J = iε IJK σ K indicate a non-commutating character of a 3D TSS. With the help of TSS, the quantum states of this system is defined by mapping the 3D TSS to 3D Cartesian space, i.e.,
The generalized space translation symmetry in 3D TSS is T (∆φ I )|vac = e i·∆φ I ·σ I |vac where T (∆φ z ) is the spatial translation operation in 3D TSS and ∆φ I denotes the distance on 3D TSS along φ I -direction. Band theory for topological defects on 3D topological lattice: In this part, we develop band theory for topological defects on TSS by introducing topological lattice (TL).
We set the {π, π, π} shifting to be a topological unit for TSS. The TSS is represented by {φ x , φ y , φ z } = π × {N x , N y , N z }+{φ 0,x , φ 0,y , φ 0,z } with constants φ 0,x , φ 0,y , φ 0,z and integer numbers N x , N y , N z . According to the 2π period of the system, the 3D TL with a π shifting for each site has two sublattices, A or B.
An emergent particle becomes topological defect on TL: along x I -direction, particle is anti-phase changing denoted by e iσ I ·∆φI , ∆φ I = π. Each lattice site corresponds to a fermionic topological defect -a monopole. In mathematics, to generate a particle, we do global topological operation on the ground state, i.e., e iΓ I ·∆φI |vac with ∆φ I = 0, x I < x 0 and ∆φ I = π, x I ≥ x 0 . It was known that a topological defect has isospin degree of freedom, ⇑ or ⇓ from the helicity degrees of freedom. According to the spin from isospin, the identical spin-1/2 particles changes sign when two particles exchange. We then introduce second quantization representation by defining fermionic operator c † ⇑,i , c † ⇓,i . The basis to define the microscopic structure of a topological defect is given by |i, ⇑, A , |i, ⇑, B , |i, ⇓, A , |i, ⇓, B . For the quantum states of topological defect on 3D TL, when there exists a topological defect at site i, the site i exists; when there doesn't exist a topological defect at site i, the site i disappears.
Due to spatial translation symmetry on 3D TL, the eigenstates are quantum states k topo that are defined as a linear superposition of the localized states | N ,
where k topo is the wave vector on 3D TL. The Bloch theorem for 3D TL is obtained as: the basis vector k topo translated for the Bravais vector changes as
where T ( N ) is translation operation. We then use a fermionic effective model to deal with the dynamical properties of topological defects on 3D TL.
The hopping term between i topological defect and
where the transfer matrix is
is the annihilation operator of topological defects at the site i. J is the coupling constant between two nearest-neighbor topological defects. After considering the energy from all sites, the effective Hamiltonian is obtained as
We consider a transverse external field h (111) along (111)-direction, an addition energy difference between quantum states on different sublattices appears. After considering the staggered energy from the external field, a corresponding term is given by
where the staggered energy ∆ is proportional to h (111) .
In continuum limit, we have
and
with
eff , c eff = 2aJ is the velocity. ∆ p topo = ∆ k topo is the momentum operator on TL. mc 2 eff plays role of the mass of particles and c eff = 2a·J play the role of light speed. In the following parts, we set = 1, c eff = 1.
In long wave-length limit, the low energy effective Lagrangian of topological defects on TSS is obtained as
. This is Lagrangian for massive Dirac fermions with emergent SO(3,1) Lorentzinvariance. Here, the parameters, operators and fields in the dimensionless quantum field theory on TSS (φ,∂ φ µ , Ψ, m, ...) are also dimensionless.
4D topological spinor spacetime and its geometric description and operation description: In long wave-length limit, there exists SO(3,1) Lorentz invariant. As a result, the 3D TSS {φ x , φ y , φ z } is expanded to a 4D topological spacetime, {φ x , φ y , φ z } ∈ T 3 → {φ x , φ y , φ z , φ t } = { φ, φ t } ∈ T 4 . Because the topological spacetime is denoted by spinor matrices that obey Clifford algebra, we call {φ x , φ y , φ z , φ t } ∈ T 4 4D topological spinor spacetime (TSST).
The frame of (the fundamental vectors along
indicate a noncommutating character of a 4D TSST. In the long wavelength limit, the generalized spatial translation symmetry turns into a generalized spatial-tempo translation symmetry,
µ = x, y, z, t. We also define a 4D topological lattice (TL) on 4D topological spinor spacetime by defining
We then discuss the smoothly deformed TCSO. We introduce the concept of "spinor transformation". Under global spinor transformation, we have
whereÛ
We call a system with smoothly varied-(δ φ( φ, φ t ), δφ t ( φ, φ t )) deformed topologically-constrained spiral state and its corresponding TL deformed 4D TL. The deformed 4D TL is defined by a mapping between the deformed TSST T Deformed,4 and the original uniform TSST T Uniform,4 , i.e.,
As a result, the Gamma matrices becomes vector fields under spatial-tempo dependent spinor transformation.
On the one hand, the geometric description for the deformed 4D TL is described by the deformation of the 4D TL. For perturbatively deformed 4D TL, { φ( φ, φ t ), φ t ( φ, φ t )} can be denoted by the local coordination transformation, i.e., φ =⇒ φ( φ, φ t ) = φ + δ φ( φ, φ t ), φ t =⇒ φ t ( φ, φ t ) = φ t + δφ t ( φ, φ t ). These equations also imply a curved spacetime: the distance between two nearest-neighbor "lattice sites" on the spatial/tempo coordinate changes, i.e., δ φ( φ, φ t ) = E φ ( φ, φ t ), δφ t ( φ, φ t ) = E φt ( φ, φ t ) where E a ( φ, φ t ) are vierbein fields that are the difference between the geometric unit-vectors of the original frame and the deformed frame.
For deformed 4D TL, the topological property of particles is invariant. Because one may smoothly deform the TL and get the same low energy effective model for topological defects, there exists diffeomorphism invariance. In addition to the existence of a set of vierbein fields E a , one introduces spin connections ω ab ( x, t) and the Riemann curvature 2-form as R 
. On the other hand, the operation description for the deformed 4D TL is described by the mapping between spinor space (a compact space from group elements) and 4D TSST (a non-compact spacetime), i.e., U Spinor ( φ, φ t ) = e iδ φ( φ,φt)·Γ · e iδφt( φ,φt)·Γ
g ∈ spinor group ⇔ { φ, φ t } ∈ T Uniform,4 .
The quantum structure for the mapping is about a mathematic structure with high-gauge symmetry. For each 3D sub-manifold in 4D TSST, there exists a corresponding gauge structure for different definition of γ 0 . As a result, there exist infinite classes of gauge fields and we can define an effective "gauge symmetry" for gauge symmetries.
For example, the operation description for {φ x , φ y , φ z }-sub-manifold (this is just the topological spin space) in 4D deformed topological spinor spacetime is to consider γ 0 = Γ 5 . Under this definition γ 0 = Γ 5 , we introduce an SO(4) (spinor) transformationÛ ( φ, φ t ) that is a combination of spin rotation transformationR( φ, φ t ) and spatial spinor transformation (spinor transformation along x/y/z-direction)Û x/y/z Spinor ( φ, φ t ) = e iδφ( φ,φt)· Γ ,
i.e.,Û ( φ, φ t ) =R( φ, φ t ) ⊕Û
x/y/z Spinor ( φ, φ t ). Here, ⊕ denotes operation combination.
In general, the SO(4) transformation is defined bŷ
. We can introduce an auxiliary gauge field A ab µ ( φ, φ t ) that is written into two parts:
The operation description for other sub-manifold (this is not the topological spin space) in 4D deformed TSST is to considerγ
Here, α, β, γ, δ are constant. Now, the SO(4) transformation areŨ ( φ, φ t ) = e Φ ab ( φ,φt)γ
) and the gauge field strength byF ij = dÃ ij +Ã ik ∧Ã kj ≡ −Ã i0 ∧Ã j0 . Due to the generalized spatial translation symmetry there exists an intrinsic relationship between operation description for spinor operation and geometric description for global coordinate transformation of the same deformed 4D TL. For example, within the representation of
After considering all these relationships, we have a complete description of the deformed 4D TL.
Topological BF-term from local topological constraints for topological defects: To characterize the local topological constraints for topological defects, we introduce topological BF term.
We have defined a topological defect as a fermionic quasi-particle that traps monopole for spin configuration. Along arbitrary direction φ µ , the local Gamma matrices around a topological defect at center are switched on the tangentia sub-spacetime: along given direction (for example x µ -direction), the local Gamma matrices on the tangential sub-space are switched by e iΓ µ ·∆φ x µ (∆φ x µ = π). As a result, due to the rotation symmetry in 4D TSST, a topological defect becomes monopole on arbitrary 3D sub-manifold in 4D TSST. We then use Lagrangian approach to characterize the deformation from a topological defect on TSST. From the point view of operation description, a topological defect traps a "magnetic charge" of the auxiliary gauge field, i.e., √ −gΨ † Ψd 3 φ = q m where q m = 1 4π
ǫ jk ǫ ijk F jk jk · dS i is the "magnetic" charge of an auxiliary gauge field A jk . In the path-integral formulation, to enforce such local (partial) topological constraint for topological defect on a 3D-sub-manifold, we may add a topological BF term S MBF in the action that is
with the help of another definition of reduced Gamma matrices γ µ , there exist different topological BF terms S MBF,i that enforces another local topological constraint for topological defect on other 3D submanifolds. For the total topological BF term S MBF = i S MBF,i that characterizes the deformation of a topological defect on a 4D TSST, the upper index of the topological BF term R ij ∧ E k ∧ E l must be symmetric, i.e., i, j, k, l = 1, 2, 3, 0. The full topological BF term S MBF that enforces local topological constraints for topological defect on all 3D sub-manifold on TSST, turns into the Einstein-Hilbert action S EH as
The role of the Planck length on TSST is played by l φ p = π, that is the "lattice" constant on the 3D TSS.
As a result, the effective gravity theory on TSST becomes a topological field theory with high-gauge structure.
Emergent quantum gravity on Minkowski spacetime: In this part, we consider the effective theory for quantum dynamics of TCSO on Minkowski spacetime. The quantum states of TCSO are defined by (complex) linear mapping the (deformed) TSST T 4 onto Minkowski spacetime C 3+1 , i.e., φ(x, t) = k 0 x, φ t (x, t) = iω 0 t:
where ω 0 = c eff k 0 and k 0 = π a . The four Gamma matrices are mapped onto the frame on Cartesian space, {Γ, Γ t } Deformed = {(Γ( x, t)), (Γ t ( x, t))}: {Γ, Γ t )} Deformed = {ẽ, e t } ⇔ { e x , e t }. Finally, after above mapping we derived an effective theory quantum dynamics of TCSO on Minkowski spacetime as
whereD µ = i∂ µ +iω µ . G is the induced Newton constant which is G = l 2 p . After mapping the TSST to Minkowski spacetime, the Planck length in TSST l p = π is replaced by l p = a, that is the "lattice" constant on the 4D TL. And, after mapping the TSST to Minkowski spacetime, the topological structure of gravity becomes hidden and people only see the residue geometric one.
Collective spinor waves for 3D spin TCSO -gravitational waves: We discuss the collective excitations for 3D TCSO -spinor waves that are just the gravitational waves.
For example, we consider a collective spinor wave along z-direction.
The perturbation of the 4D TL comes from dynamical fluctuating Gamma matrices, i.e., (Γ,
In particular, the transverse collective wave for deformed 4D TL is induced by periodic uniform spinor transformation
We define the vierbein fields E a ( x, t) that are supposed to transform homogeneously under the local symmetry, and to behave as ordinary vectors under local spinor transformation along z-direction,
. Because a space rotation on xy-plane corresponds to a rotation on spinxy-plane, the spin of this transverse spinor wave is two, i.e., S = 2. This is a gravitational wave with × polarizations. Because the Einstein-Hilbert action comes from topological BF terms on TSST, there is no renormalization effect on the topological BF terms from selfinteraction between spinor waves (gravitational waves). The situation is similar to that in 2+1D nonAbelian Chern-Simons theory.
In addition, there exists a new quantum effect for spinor waves: quantum transverse spin resonance effect. Because the spinor waves is obtained by uniform spinor transformationÛ Spinor ( x, t) = e iΓ z φ0·sin(ωt−kz) , when there exists a spinor wave (gravitational wave), the corresponding spin eigenstates |−→ turns into |−→ →Û Spin ( x, t) |−→ = i sin(δφ z ( x, t)) |←− + cos(δφ z ( x, t)) |−→ .
This is a new quantum effect for gravitational waves and can be observed by timely technique.
Another new quantum effect for spinor waves (gravitational waves) is quantum non-Abelian interference effect. For a gravitational wave with × polarizations on yz-plane move along x-directionÛ 1,Spinor ( x, t) = e iΓ x φ0·sin(ωt−kx) , when another gravitational wave with × polarizations on zx-plane move along y-directionÛ 2,Spinor ( x, t) = e iΓ y φ0·sin(ωt−ky) , there exists a weak spinor wave with polarizations on xy-plane move along (x+y)-direction and twice wave length of original spinor waves, i.e., e iΓ z δφy (y,t)δφx(x,t)/2 . In the classical limit → 0, the quantum non-Abelian interference effect for spinor waves disappears.
Conclusion and discussion: Let us give a summary. In traditional theory for gravity, matter and spacetime are two different fundamental objects and matter move in (flat or curved) spacetime. In this paper, we found that matter and spacetime are really the same phenomenon and can be unified to the topological spin space, i.e., in a word, Quantum gravity is self-dynamics for a system with symmetric giant topological structure. In particular, several new effects for this emergent quantum gravity theory beyond general relativity are explored, including the quantum non-Abelian interference effect and the quantum transverse spin resonance effect for gravitational waves (spinor waves).
Finally, we emphasize the correspondence between quantum physics on 4D TSST and that on 4D Minkowski spacetime. From the correspondence, the curved spacetime induced by matter in the emergent quantum gravity is indeed similar to a special quantum computation process via unitary transformation. Just as J. A. Wheeler said, it from (qu)bit.
